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Abstract

An experimental and theoretical study of low Reynolds number compressible gas flow in a microchannel is pre-

sented. Nitrogen gas was used. The channel was microfabricated on an oxidized silicon wafer and was 50 lm deep, 200

lm wide and 24,000 lm long. The Knudsen number ranged from 0.001 to 0.02. Pressure drop at inlet and exit of the

channel were measured and friction factor constant ratios were calculated at different mass flow rates in terms of Re.
The results were found in good agreement with those predicted by analytical solutions in which a 2-D continuous flow

model with first slip boundary conditions are employed and solved by a perturbation method with a proposed new

complete momentum accommodation coefficient r. Consequently, using slip boundary conditions, one can well predict

the mass flow rate as well as inlet/exit pressure drop and friction factor constant ratio for a three-dimensional physical

system.

� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

The field of MEMS is a rapidly emerging technology,

where new potential applications are continuously being

developed. Microair vehicles, microrobots and nano-

satellites are examples of such systems. Moreover, mi-

crofabricated channels may be used for integrated

cooling of electronic circuits [1] and Joule–Thomson

cryo-coolers for infrared detectors and diode lasers [2].

The characteristic length scales that govern the energy

and momentum transfer between microelectromechani-

cal systems (MEMS) and their environments are typi-

cally on the order of microns. MEMS are often operated

in gaseous environments at standard conditions where

the molecular mean free path is approximately 70 nm.
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As the value of Knudsen number increases, rare-

faction effects [3] becomes more important and thus

pressure drop, shear stress, heat flux, and corresponding

mass flow rate cannot be predicted from flow and heat

transfer based on the continuum hypothesis. On the other

hand, the gas acceleration occurs due to density varia-

tions, which results in a higher friction and pressure drop.

Peiyi and Little [4] measured the friction factors for

the flow of gases in mini channels with 130–200 lm wide.

Gaseous flow in two-dimensional (2-D) micromachined

channels with a Cartesian geometry for various Knud-

sen numbers was studied by Harley et al. [5] for both

experimental and analytical study on rarefied flow.

Araki et al. [6] measured friction factors of helium and

nitrogen flows in three different microchannels with

hydraulic diameters of 3–10 lm. A reduced friction

factor was found in a trapezoidal cross section micro-

channel due to rarefaction effect. However, an friction

factor increase was found in a triangular channel be-

cause of a possible secondary flow effect.

So far, to the authors’ best knowledge and experi-

ence, the theoretical and numerical study in gaseous

microchannels are all for two-dimensional either on
ed.
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Nomenclature

A channel cross section, lm2

C a constant in Eq. (24)

C1 friction constant for fRe
C� friction factor constant ratio

c sonic speed, m/s

Dh hydraulic diameter of the channel, 4A=p lm
f Darcy’s friction factor unless otherwise stated

fF Fanning’s friction factor

ft theoretical friction factor

H height of the channel, lm
K Knudsen number, k=Dh

L length of the channel, lm
Ma local Mach number

_m mass flow rate, mg/s

O order of magnitude

P 0 local pressure except for Pi and Po, MPa

p wetted perimeter, lm
R gas constant, J/(mgK)

Re Reynolds number based on the hydraulic

diameter of the channel

T temperature, K

u streamwise (x-direction) velocity, m/s

�u averaged streamwise velocity from inlet to

outlet of the channel, m/s

v transverse (y-direction) velocity, m/s

W width of the channel, lm
x streamwise direction (axis) and distance, lm
y transverse direction (axis) and distance, lm

Greek symbols

c specific heat ratio

� perturbation variable, H=L
l absolute viscosity, N s/m2

k mean free path, lm
q local density of fluid, mg/m3

�q average density of fluid, mg/m3

r, rv complete and tangential momentum

accommodation coefficient, respectively
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channel cross section (e.g. yz plane with x as flow

direction) or on channel midplane (xy plane). In addi-

tion, for gaseous microchannel flows modeling, most

studies have assumed the momentum accommodation

coefficient at wall like r to be unity. However, several

studies have also shown that r seems no longer being a

constant and not solely related to specular reflection.

In this paper, we present experimental data and

analytical predictions of compressible channel flow. Al-

though a 2-D parallel plate flow system was still used for

prediction, the present tangential momentum accom-

modation coefficient (rv) was obtained from experimen-

tal results rather than conventionally assumed a value of

1. Moreover, evaluations of 2-D analytical predictions to

approximate a 3-D real system were also made. The

pressure drop for the flow of nitrogen gas in a long mi-

crochannel fabricated on an oxidized silicon wafer using

photolithographic techniques was measured. The objec-

tive of this study is to broaden our fundamental

understanding for this important emerging field of mi-

crofluidics especially in a quite long channel where the

effects of the inlet and outlet are negligible.
2. Device design and channel preparation

2.1. Design

The experimental data obtained have been used in

the design of a microchannel device for microelectronics
cooling. In this section, we describe the design, fabri-

cation process, and actual flow loop of a microchannel

device. The design concept tested here can be further

developed and incorporated into a microelectronic

cooling system. A microchannel was etched in a silicon

plate and then a Pyrex glass (7740) where holes were

made for the flow inlet and exit was anodically bonded

on the top of the plate. The microchannel used has a

dimension of 200 · 50· 24,000 lm3 with the aspect ratio

of 0.25 (height/width). A schematic diagram of the de-

vice along with relevant dimensions is shown in Fig. 1.

2.2. Channel preparation

Although the channel formation is standard micro-

maching technique, we thought that it is still worthy

mentioning especially in a traditional and classical heat

and fluid flow related journal. The ultraviolet (UV) ex-

posed region of a photosensitive oxidized silicon wafer is

crystallized after thermal treatment and can be etched

anisotropically. The fabrication process was divided into

two parts. The first part is the silicon etching process.

The silicon wafer for the fabrication process is 100 mm

diameter, P -type, orientation 1 1 0, and thickness 525±

25 lm. The second part is the Pyrex glass drilling process

and anodic bonding between silicon and Pyrex glass.

Subsequent fabrication is depicted in Fig. 2. To

produce the present channel, an (1 1 0) oriented oxidized

silicon wafer, its information listed in Table 1, was firstly

thoroughly cleaned with acetone, propane, methanol,
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Fig. 1. Close-up view of the present microchannel.
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and finally, deionized water. After rinsing, the wafer was

treated with a sulfuric and hydrogen peroxide solution

to remove any metal or other inorganic contamination

from the wafer surface. The wafer was then spinned a

thin positive photon resistant and AZ4210 PR was

formed on top of the wafer with a thickness of 1.15 lm.

The PR pattering conditions is also listed in Table 1. A

soft bake process was done after PR layer quality

examination was made. Once the above process had

done, an UV light (intensity: 40 mW/cm2) about 365 nm

to the photon resistant layer was exposed and then, the

mask pattern translated to the photon resistant layer.

After developing, the oxide was removed from the

channel using HF for 15 min, and cleaned with deion-

ized water. Then, the wafer was subject to a KOH

etching solution (�30 wt.%) for varied time at a tem-

perature of 95 �C for different channel depths with an

etching rate up to 1.33 lm/min anisotropically. The

microchannel was fabricated and, then the oxide was

removed again by HF solution, and the structure as well

as surface condition was inspected by a microscope and

a surface profilemeter (Alpha-Step).

Finally, a 525 lm thick clear Pyrex cover slip was

bonded on the top of the wafer to form the closed

channel. The geometry configuration of the channel

allowing an accuracy less than ±1% and the roughness

of the channel along its center with the surface profile-

meter with a relative (wrt channel hydraulics diameter)
surface roughness less than 0.5% wrt channel height

were measured. The relevant geometry dimensions of the

resultant microchannel are presented in Table 2.
3. Experimental apparatus and procedure

A schematic diagram of the experiment setup is

shown in Fig. 3 in which the device is clamped in a

fixture with an internal O-ring to seal the inlet and

outlet. Fig. 4 is a photograph of the present micro-

channel and test loop. Nitrogen (N2) gas was supplied

and controlled from a pressurized cylinder with a regu-

lator (Tescom Co.), and flowed through a mass flow

controller (MKS Instruments Inc.), two particle filters

(TEM Co.; one is 0.5 lm and one is 0.003 lm), passed

two pressure transducers (Granville-Phillips 354;

5· 10�2–1 · 10�9 Torr) and two thermistors through the

test section at inlet pressure of up to 3.45 bars. The test

section inlet was connected to a mass flow meter (MKS

Instruments Inc.) having a flow rate range of 0.006–

0.321 mg/s for the present flow rate measurements. The

accuracy of the mass flow rate measurements is within

3.5%. Noting that prior to N2 gas flow in, the loop was

vacuumed by an vacuum pump (Varian EO50/60) and

maintained at 10�3 Torr.

Due to the unavailability of appropriate sensors for

inside measurements, both pressures and temperatures

were measured outside the test section. Pressure drop

between the upstream and downstream pressure mea-

surements was measured with an accuracy less than

±1%. Pressure losses in the fittings and feeding lines

other than the microchannel are estimated to be a small

fraction of the total pressure drop. The temperatures

were measured with miniature thermistors at both the

inlet and outlet of the test section. The gas entering the

test section were at thermal equilibrium with surround-

ing, and their temperature (�300 K) was determined

with an accuracy of ±0.05 �C. The flow provided by the

upstream reservoir was found very stable flowing into

the microchannel under continuous operation for up to

four hours. The microfilter used was to prevent fluctu-

ations and channel blockage caused by trapped parti-

cles. The uncertainties for the relevant flow parameters

and variables are tabulated in Table 3. All the mea-

surement devices were connected to an IBM PC for data

acquisition and processing.

The present experiments were performed under

steady state channel in a clean room, University Mi-

crosystem Research Laboratory, where the ambient

temperature is controlled at 300 K. The flow was con-

sidered to be steady state when the pressure drop mea-

sured cannot be changed within 5 min or the change rate

is constant for at least 2 min. Each case was repeated at

least two times. It shows that it took a longer time for a

slower flow rate to reach a steady state.



Fig. 2. Fabrication process of the microchannel.
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4. 2-D analysis and flow variables calculations

Following Arkilic et al. [7], consider 2-D flow,

neglecting variations in the z-direction, the flow is stea-

dy, isothermal, compressible, slip flow (i.e., K ¼ 0:01–
0.1; actually, it will be found K < 0:02 for the present

study).
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Table 1

The information of wafer and pattern

Si Pyrex

Wafer

Diameter 100±0.01 mm 100±0.01 mm

Thickness 525±25 lm 525±25 lm
Crystallization

direction

(1,1,0) –

Type P type –

Electric resistance 3–9 X cm

Surface treatment SiO2 1 lm Two side

polished

Molecular weight 28.09 –

Crystallization Cubic –

Lattice space, �A 5.43 –

Density at 293 K,

g/cm3

2.329 2.23

Dielectric constant

(at 9.37· 109 Hz)

13 4.60

Melting point, K 1690 –

AZ 4210 PR pattern conditions

PR coating AZ 4210

PR property Positive

PR type Thin film

Speed 4000 rpm

Soft bake (90 �C) 1 min 30 s

UV light wave length 365 nm

Light intensity 40 mW/cm2

Exposure time 7 s

Development 3 min 30 s

Table 2

Results of microchannel characterization

Characterization Dimensions

Channel length L 24 mm

Channel depth H 50 lm
Channel width W 200 lm
Silicon wafer thickness Hs 525 lm
Pyrex glass thickness H 525 lm
Total thickness of the test section H 1.05 mm

Pyrex glass width Wg 100 mm

Channel hydraulic diameter 80 lm
Channel surface roughness Ra 1.47 lm
Outer diameter of the inlet/outlet tube 1.50 mm

Inner diameter of the inlet/outlet tube 0.61 mm

Thickness of the tube 0.89 mm
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where

eP ¼ P 0

Po
; ~u ¼ u

c
; ~v ¼ v

c
~x ¼ x

L
; ~y ¼ y

H

Ma ¼ �u
c
; ~q ¼ q

qo

; � ¼ H
L
; and Re ¼ �q�uH

l

ð7Þ
The nondimensional continuity equation
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2
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where r stands for complete momentum accommoda-

tion coefficient and was obtained from the experimental

results derivations of the present study rather than di-

rectly measured, and

~vjwall ¼ 0 ð10Þ

Now, let us expand ~u, ~v, eP in powers of � as follows:

~u ¼ ~u0 þ �~u1 þ �2~u2 þ � � � ð11Þ

~v ¼ �~v1 þ �2~v2 þ �3~v3 þ � � � ð12Þ

eP ¼ eP0 þ �eP1 þ �2eP2 þ � � � ð13Þ

It is clear from Eq. (8) that the highest order ~v term that

is required to satisfy the differential continuity equation

is in Oð�Þ.
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then Re
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After integrating Eq. (16) twice and applying the above
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expression:
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Fig. 3. Experimental setup for microflow measurements.
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Since the wall-normal velocity must vanish, i.e.,

d2ðeP 2Þ
d~x2

þ 12rKo

deP
d~x

¼ 0 ð19Þ

where eP ¼ local dimensionless pressure, and it gives (see

Appendix A)eP ð~xÞ ¼ �6rKo

þ
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where P stands for the pressure ratio of Pi=Po. Finally,
the dimensional mass flow rate for the given inlet/outlet

pressure can be found by multiplying the density q to

Eq. (17) and integrating across the channel and evalu-

ating at ~x ¼ 1, results in

_m ¼ H 3WP 2
o

24lLRT
½P 2 � 1þ 12rKoðP � 1Þ� ð21Þ

After simplifying,
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o

24lLRT
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�
� 1
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where Po (Pi) is the dimensional outlet (inlet) pressure.

H , W , and L are the channel height, width, and length,

respectively. While, T , l, and R are the fluid tempera-
ture, molecular viscosity, and specific gas constant. Ko is

the outlet Knudsen number.
5. Results and discussion

The analytical results based on 2-D perturbation of a

continuous flow model with first order slip boundary

conditions and a new r proposed were obtained in which

pressure drops with different mass flow rates (also in

terms of Re) were calculated to approximate the present

3-D rectangular microchannel of 200 · 50 · 24,000 lm3

with varied 0:001 < K < 0:02. In addition, pressure drop

measurements were also made at inlet and outlet of the

channel at Reynolds number range of 2:6 < Re < 89:4
for an isothermal (@300 K) flow and compared with the

analytical predictions.
5.1. 2-D analytical solutions

Table 4 depicts the inlet Knudsen number (K) and

inlet Mach number (Ma) values vs the pressure ratio

(Pi=Po). For instance, for N2 gas at 2.7 kPa inlet pres-

sure with an inlet K ffi 0:0248. It can be seen that the K
is quadratically decreased as inlet pressure increases as

one would expect. However, the Mach number goes the

other way around with a slow linear increase. Also

included in Table 4 are the inlet density values.



Fig. 4. Photograph of experimental setup. (a) Photograph of

microchannel and (b) photograph of test loop.

Table 3

Uncertainties of geometric dimensions and relevant parameters

Geometric and

parameters

System error Random error

Q (cm3/min) ±0.5% ±3.5%

DP (kPa) ±0.1% ±0.6%

Re ±0.53% ±0.93%

f ±0.72% ±1.1%

DP=DL (kPa/cm) ±0.1 ±0.6

T (�C) ±0.05 �C ±0.07 �C
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Dimensional mass flow rates calculated based on Eq.

(22) with inlet pressure ratios are listed in Table 4

which is in fair agreement with those from experiments

within an average deviation less than 15%. It is ex-

pected that the mass flow rate gradually increases as the

inlet pressure increases. Fig. 5 shows the Knudsen and

Mach number distribution along the downstream dis-

tance. It is found that both number increase along the

channel and reach the maximum at the channel outlet.
Local pressure distribution shown in Fig. 6 indicates a

moderate pressure drop in the present quite long mi-

crochannel for different mass flow rate. Since the

pressure drop measurements were only made at inlet/

exit of the channel, the detailed distribution comparison

is not possible. But, these values calculated at inlet and

exit, and plotted in Fig. 6 should not deviate from those

measurements as one would expect. Generally speaking,

pressure drop in the present microchannel is caused by

shear stress and gas acceleration. However, the pressure

drop by gas acceleration is quite small (<2%) in this

study. The experimental results were used to make

comparisons with those of the analytical solutions as

stated before. The comparisons were made under the

conditions setup as close as possible. Furthermore, due

to the change in local density, the nonlinear distribution

for DP was found. Even though the Mach number at

outlet is quite low as compared to the conventional

theory (Ma6 0:3) for an in compressible flow, the

compressibility is still effective. The pressure drop in-

creases as the mass flow rates increase. However, the

DP values of the microchannel is consistently smaller

than those in conventional larger channels (not shown).

Fig. 7(a) shows the downstream streamwise velocity

at centerline for Re ¼ 3:2. The velocity is obviously

accelerated because of a local bulk density of N2 de-

crease due to a low local pressure there. Consequently,

the flow seems never reached fully developed. Fig. 7(b)

shows streamwise velocity (u) distribution spanned

across the y-axis and the traditional parabolic curves

are still existed. Noting that with the present slip flows

at wall, the velocity is no longer to be zero near the

wall.
5.2. Microflow experimental results and comparisons

The hydraulic diameter of the present long channel is

80 lm and the experiments were conducted with various

flow rates which yield Re up to 89.4. In each case, the

flow rate was kept constant and the pressure drop re-

quired to force the gas through the microchannel was

measured. The pressure drop per channel length for all

the cases (i.e., different Re) can be plotted against the

downstream distance and correlated as a function of Re
(not shown).

Following Araki et al. [6], Li and Ma [8] and Qu et al.

[9], at a specified Reynolds number the friction factor

constant ratio C� is defined as
C� ¼ f =ft ð23Þ

C� can also be found [6] and written as

C� ¼ 1

ð1þ CKÞ
ð24Þ



Table 4

Inlet/outlet pressures, pressure ratios, inlet Knudsen number, inlet Mach number, inlet density, calculated mass flow rates (analytical)

and mass flow rates (measurement) with deviations

Inlet

pressure, Pi
(kPa)

Pressure

ratio,

(Pi=Po)

Outlet

pressure,

Po (kPa)

Knudsen

number, K
Mach

number, M
Density, q
(mg/m3)

Mass flow rate

based on 2-D

analytical solu-

tion (mg/s)

Mass flow rate

based on

experimental

results (mg/s)

Deviations

2.7 3.97 0.68 0.024 0.0013 1200 0.0112 0.0088 0.27

5.4 4.21 1.36 0.01 0.0023 1230 0.0224 0.0215 0.04

14.29 4.35 3.28 0.0046 0.0057 1330 0.0784 0.0617 0.27

27.9 4.56 6.12 0.0024 0.0107 1490 0.1568 0.1320 0.19

40.14 4.62 8.69 0.0017 0.0152 1630 0.2464 0.2134 0.15

51.02 4.74 10.76 0.0013 0.0192 1760 0.3248 0.2971 0.09

64.63 4.91 13.19 0.001 0.0241 1920 0.4368 0.4092 0.07
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Fig. 6. The comparison of pressure drop with experimental

results and 2-D analytical solutions.
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for various channel geometries where f was obtained

from experiments and analytical results where K is an

average of inlet and outlet Knudsen number. The the-

oretical values (ft) of Darcy friction factor for the

present parallel plate and rectangular channel with as-

pect ratio 0.25 are 96 and 72.9, respectively. r in Eq. (9)

can be found based on Arkilic [10] through the present

mass flow rate measurements. The r obtained (see

Appendix B) in the present study is a function of outlet

Knudsen number [10] which was shown in Fig. 8. It can

be seen that the complete momentum accommodation

coefficient r slowly increases with Ko (�K0:334
o ) due

perhaps to rarefaction effect with the corresponding

rv, tangential momentum accommodation coefficients,

varied in a range of 0.3–0.7.

Figs. 9 and 10 show such comparisons among those

results from experiments, theoretical slip/nonslip solu-
tions, and 2-D analytical solutions for f of Darcy’s and

Fanning’s, respectively. In spite of quite a few data used

for DP measurement. But, nevertheless, the results can

still be useful and can be considered supplementary to

the existing documentation. The corresponding f for

present rectangular channel was calculated and corre-

lated in a form of f Re ¼ C1 which is shown in Fig. 9

where the friction factors were plotted against Re. It is
clearly seen that the present results could be correlated

in a traditional form like f Re ¼ C1, but C1 seems no

longer to be a constant with a very small uncertainty of

±2%. In this case, a smaller C1 (�48 with Re�1:02) for

Darcy friction factor was found as compared to that of

72.9 (theoretical value with nonslip for an aspect ratio

0.25); while the experimental measurement distribution



0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
-0.5

-0.4

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

0.4

0.5

 x/L=0
 x/L=0.5
 x/L=1

(b)

     z=0
     Re=3.8

y/
L

u (m/s)

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

(a)

     z=0
     y=0
     Re=3.8

x/L

u 
(m

/s
)

Fig. 7. Velocity distributions (calculated) along the (a)

streamwise and (b) transverse direction.

0.00 0.02 0.04 0.06 0.08 0.10 0.12
0

1

2

3

4

5σ

6

7

8

9

10

o

o
0.334

K

σ=11.25K

Fig. 8. r vs Ko.

0 20 40 60 80 100
0

5

10

15

20

25

30

f=72.9/(Re(1+4.7K))

f=72.9/Re

f=48.44Re-1.02 (curve fitting)D
ar

cy
 fr

ic
tio

n 
fa

ct
or

 (f
)

Re

 Experimental
 Theoretical, non slip, fully developed
 Theoretical, slip, local fully developed

Fig. 9. f (Darcy) vs Re in a rectangular microchannel with

aspect ratio 0.25.

S.-S. Hsieh et al. / International Journal of Heat and Mass Transfer 47 (2004) 3877–3887 3885
and values are very close to the results with slip condi-

tions at Re < 10. Moreover, this result is in good

agreement with that (�49) of Harley and Bau [11]. It

indicates that the pressure drop in a microchannel with

the same operating condition would have a smaller value

than that in a conventional channel. But, such deviation

becomes small as Re increases. The analytical solutions

from 2-D modeling and simulation is shown in Fig. 10.

The coefficient of Fanning friction factor compares to

those of theoretical values for an infinite parallel plate

with slip and nonslip boundary condition, respectively.

Again, the deviation becomes negligible as Re increases.

Furthermore, in both Figs. 9 and 10, f Re results

obtained from the incompressible nonslip flow theory

for rectangular channel (C1 ¼ 72:9, Darcy) as well as

parallel plate channel (C1 ¼ 24, Fanning) for fully

developed flow were compared to those of compressible

slip flow with ‘‘local fully developed’’ assumption results

f ¼ 72:9ð24Þ=Reð1þ CKÞ from Navier–Stokes equation

plus slip flow boundary conditions with a new C value

(¼ 4.7) instead of the conventional value of 6, respec-

tively, for a rectangular channel (parallel plate). This
new C was derived from the plot of C� vs K for Eq. (24)

(not shown). The deviation is obvious due to gas

acceleration and it was caused partly by the compress-

ibility of the gas under study and partly by the real cases

departure from ‘‘fully developed’’. In fact, a very close

value (C ¼ 4:08) was also reported in a previous study

for a circular tube [12].

In the present channel, in spite of a smaller Ma, the
order of magnitude Oð10�2Þ, the compressibility effect is
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still dominated which was assessed by analytical results

(DP ) in Fig. 6 and further by pressure measurements in

Fig. 8. This is evidenced by the fact that as the inlet/

outlet pressure difference bigger than 10 kPa, the com-

pressibility effects (nonlinear pressure distribution) be-

come significant (for the case ReP 16:1). Again, as

reported in Araki et al. [6], the compressibility effects in

microchannel can be better described by the pressure

drop rather than a Mach number as in conventional

theory. Moreover, due to a higher pressure drop and

small channel sizes in microflows, rarefaction influence

can also be clearly noted. In fact, the product of C1 ffi 48

from the present experiments is smaller than that for

larger conventional channels (C1 ffi 72:9). This is because
the slip effect at wall due to rarefaction reduced the

product of C1. The finding again confirms the previous

studies for trapezoidal and rectangular channels (see,

[11] for example).

Fig. 11 shows the C� calculated from Eq. (23) vs K. As

one can see, C� for 2-D parallel plate, results from ana-

lytical solutions, is very close to the present experiments

for a rectangular microchannel of aspect ratio 0.25

within ±10%. Also included in Fig. 11 are the calcula-

tions based on Eq. (24) with C ¼ 6 (conventional) and

C ¼ 4:7 (the present study), respectively, for ‘‘local fully

developed’’ assumption results. The deviation for all the

curves is getting small as K increases. Again, the present

2-D approximation was in good agreement for friction

factor constant ratio calculation with that of experi-

ments. Moreover, the range of C� all falls within 0.7–0.6,

deviated from the traditional ratio of unity for conven-

tional channels and, consequently, suggests a friction

factor reduction (about 30–40%) of the present study.
6. Conclusion

Gaseous flow characteristics of N2 in a microchannel

were studied. A channel of 200· 50· 24,000 lm3 with a

hydraulic diameter of 80 lm and aspect ratio of 0.25 was

fabricated and tested for different mass flow rates in

terms of Re (2:66Re6 89:4). The slip effect still exists

for the entire inlet Knudsen number range of this study,

i.e., 0:001 < K < 0:02. The major findings can be drawn

as follows:

1. The pressure drop exhibits an unusual nonlinear

behavior as compared to that in a larger channel

due to the compressibility effect. The rarefaction

and compressibility effect were both found in the

present channel under the present operating condi-

tions. However, the compressibility effect seems smal-

ler.

2. It is found that the pressure drop required is smaller

than that in a conventional channel. This finding also

coincides with the previous studies.

3. The present analytical results based on a continuous

flow model with first slip boundary condition fol-

lowed by Arkilic et al. [7] for a 2-D parallel plate

are found in good agreement with the experimental

results for a rectangular 3-D channel of aspect ratio

0.25 under certain conditions and the flow seems

never reached fully developed.

4. Based on Arkilic et al. [10] and with the present mass

flow rate measurements, the so-called tangential

momentum accommodation coefficient, rv, was found

in the range of 0.3–0.7 for the present N2 gaseous

microchannel flows.
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5. A 2-D theoretical study to model and simulate a 3-D

rectangular system was found inappropriate as far as

friction constant C1 is concerned. However, the pres-

sure drop as well as mass flow rates and friction fac-

tor constant ratios of a 2-D model as stated in remark

(3) can predict 3-D system well. In the meantime, a

new set of complete momentum accommodation

coefficients r was found through rv to be a function

of Knudsen number instead of a constant of unity,

which might be helpful for future numerical model-

ing.

6. Both compressibility (even small) and rarefaction ef-

fects were experimentally observed for all the Re stud-
ied. Moreover, when ReP 16:1 the compressibility

effect becomes a little bit strong. Again, instead of

using Ma, the amount pressure drop between inlet/

outlet of the microchannel (e.g. >10 kPa) can be more

appropriate to describe the compressibility of the

microchannel gaseous flow.
Appendix A

Eq. (19) can be rearranged in the following form:

d2

d~x2
ðeP 2 þ 12rKo

eP Þ ¼ 0 ðA:1Þ

Integrating (A.1), one can obtain

eP 2 þ 12rKo
eP ¼ C1~xþ C2 ðA:2Þ

By using proper boundary conditions

~x ¼ 1; eP ¼ 1

~x ¼ 0; eP ¼ P
ðA:3Þ

We can get

C1 ¼ 1þ 12rKoð1� PÞ � P 2

C2 ¼ 12rKoP þ P 2
ðA:4Þ

Substitute C1 and C2 into Eq. (A.2), it gives

eP 2 þ 12rKo
eP � ½1þ 12rKoð1� PÞ � P 2�~x

� ðP 2 þ 12rKoPÞ ¼ 0 ðA:5Þ

Solving Eq. (A.5) for eP , it results in Eq. (20) as follows:

eP ð~xÞ ¼ �6rKo

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð6rKoÞ2 þ ð1þ 12rKoÞ~xþ ðP 2 þ 12rKoPÞð1� ~xÞ

q
ð20Þ
Appendix B

The calculations for the value of ‘‘r’’ can be ex-

plained as follows:

Since r ¼ 2�rv
rv

, and rv can be found based on the

following equation [10]:

_m
DP

¼ H 3W
12lLRT

P þ H 3W
2lLRT

2� rv

rv

� �
KoPo

where _m: mass flow rate, DP : pressure difference Pi � Po,
and the average pressure was taken at P ¼ PiþPo

2

� �
.

Once we get _m and Pi from experiments and from a

known value of Pi=Po, and results of Ko, one may obtain

rv. Finally, by r ¼ 2�rv
rv

, one can also get r.
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